[1] Observations of velocity fluctuations with periods between about 4 and 30 min, thus longer than infragravity waves and referred to as very low frequency (VLF) surf zone motions, are described and compared with numerical simulations. The VLF motions discussed here exclude instabilities (generated by the wave-driven alongshore current velocity shear) that occur in the same frequency range by selecting cases with weak alongshore currents only. Numerical simulations are based on the linear shallow water equations including friction and forced by nonlinear difference-frequency interactions between incident sea and swell waves. The model is initialized with sea and swell frequency directional spectra observed seaward of the surf zone. Modeled and observed VLF velocity fluctuation magnitudes agree within a factor of 2; both increase approximately linearly with increasing incident wave height and rapidly decay seaward of the surf zone. Observed frequency-wave-number, f-k y , spectra of VLF velocity fluctuations, estimated with instrumented alongshore arrays, are energetic in a broad range of k y in the vortical band. Observed and modeled VLF pressure fluctuations are relatively weak. Still, the model momentum balance suggests that VLF pressure gradients are as important as the nonlinear wave group forcing by sea and swell in accelerating/decelerating the VLF velocities. Model calculations demonstrate that the VLF-f-k y response is a function of the modulations of short-wave forcing associated with the frequency directional distribution of the incident sea and swell spectra. This results in VLF motions which span the surf zone and have O(50-1000 m) alongshore scales with O(200-2000 s) time scales. Given the fact that modulations of short waves resulting from directionally spread incident waves are common during field conditions we expect VLFs to be ubiquitous. 
Introduction
[2] Shoaling and breaking swell and sea waves (with periods less than about 25 s) drive surf zone velocity fluctuations with longer periods. These motions include infragravity waves with periods in the range of 25 s to 250 s [Munk, 1949; Tucker, 1950] , shear instabilities with periods in the range of 1 to 10 min [Oltman-Shay et al., 1989] , and wave breaking induced vortical motions with periods in the range of 4 to 30 min [Ryrie, 1983; Tang and Dalrymple, 1989; Peregrine, 1998 Peregrine, , 1999 MacMahan et al., 2004] .
[3] Given their overlap in temporal scales discriminating between infragravity waves, shear instabilities and breaking induced vortices is not trivial in frequency ( f ) space. This problem is overcome by including the alongshore length scales associated with these motions described by alongshore wave number (k y ) spectra. The energy associated with infragravity waves resides inside the gravity region of f-k y spectra defined by |f/k y | > ffiffiffiffiffi gh p . This separates the infragravity waves from the shear instabilities and breaking induced vortical motions which both reside in the vortical region of f-k y space, where |f/k y | < ffiffiffiffiffi gh p . Shear instability energy density generated by the wave-driven alongshore current velocity shear is located on nondispersive ridges with propagation velocities in the order of the mean alongshore current velocity. With strong 0(1 m/s) mean alongshore currents, shear instabilities RMS velocity fluctuations can reach O(40 cm/s) [Noyes et al., 2004] . During periods of near-normal wave incidence the alongshore currents and shear instabilities are weak, however significant energy can still be present in the vortical region with O(10 min) periods [e.g., Tang and Dalrymple, 1989] . These motions have been referred to as very low frequency motions (VLFs) by MacMahan et al. [2004] who observed energetic VLFs coupled to well-developed rip channel morphology, resulting in strong oscillations of the rip current flow with RMS velocity fluctuations reaching 40 cm/s.
[4] There is considerable evidence that wave groups made up of intersecting wave trains can generate strong vortical motions. This is based on laboratory experiments by Fowler [1991] and Fowler and Dalrymple [1990] showing that nonlinear difference interactions between two incident waves (frequencies f 1 , f 2 and alongshore wave numbers k 1,y , k 2,y ) can force detectable surf zone velocity fluctuations at Df = f 2 − f 1 and Dk y = k 2,y − k 1,y regardless of whether Df, Dk y resides in the gravity or vortical region of f, k y space.
[5] These laboratory results are supported by recent modeling studies. Reniers et al. [2004] modeled the nonlinear long-wave equations in the time domain forced by realistic directional wave spectra (large number of frequency directional components), resulting in random packets of wave energy formed by modulations of short waves (wave groups) entering the surf zone. As these modulations of short waves break within the surf zone, gradients in radiation stresses (momentum fluxes of sea and swell waves) and pressure are created, which force transient very low frequency surf zone eddies that have preferential alongshore spatial scales similar to the modulations of short waves (wave groups). We refer to wave groups as modulations of short waves because VLF surf zone response (eddies) occurs on the O(10 min) time scale, which is typically longer than wave groups that are commonly discussed in the literature that are associated with infragravity motions (IG), 30 s to 5 min. In essence, there are IG wave group modulations that travel on top of VLF wave group modulations. The general and most appropriate characterization for both sets of IG and VLF wave group modulations is short-wave modulations, which is used herein.
[6] Reniers et al. [2004, 2007] numerically found VLFs within the surf zone coupled to rip channel morphology, and obtained good agreement with field observations when modulations of short waves are included. Johnson and Pattiaratchi [2006] also modeled short-wave modulation forced circulation patterns associated with transient rip currents utilizing a Boussinesq model (FUNWAVE) [Wei et al., 1995; Kirby et al., 1998; Kennedy et al., 2000; , and found similar results to Reniers et al. [2004] . Johnson and Pattiaratchi [2006] found that energetic peaks in the VLF band within the vortical region of f-k y space were also present for a planar beach. Long and Özkan-Haller [2009] showed that the VLF response could be explained by constructive and destructive interference of short-wave modulated breaking induced vortices.
[7] However, field verification and understanding of VLFs on alongshore planar and barred beaches is incomplete. Part of this is due to the frequent coexistence and potential interaction of shear instabilities and wave breaking induced vortices masking the VLF response to the grouped incident waves. This was examined by Haller et al. [1999] , who used SUPERDUCK86 field data to show that for obliquely incident waves the modulation of short wave forcing sometimes occurs at the time and spatial scales of free shear instabilities potentially leading to explosive growth of the shear instabilities [Shira et al., 1997] . However, in many cases they failed to find coherent modulation of short wave forcing due to its broad distribution in k y space. As a result traditional statistical tools are inadequate to explain the VLF response to broad modulations of short wave forcing. They also noted that in absence of shear instabilities a direct forced response is expected in the VLF range which was not explored further and is examined in detail here.
[8] To that end a shallow water spectral hydrodynamic model [Reniers et al., 2002] is used to evaluate VLF motions during the SandyDuck Experiment at Duck, NC (1997) , where extensive field observations of directional wave spectra, bathymetry, and five alongshore in situ pressure and velocity arrays are available. In the model, modulations of short waves made up of pairs of short-wave components, within a directionally spread wave field, with differences in Df and Dk y residing in the vorticity region of the f-k y spectrum, which force a hydrodynamic response within the VLF band owing to radiation stress gradients within the surf zone. As a result, the VLF motions are expected to be a direct hydrodynamic response to that of the modulation of short waves forcing in f-k y space. Consequently VLF motions are expected to be ubiquitous on natural beaches where frequency directionally spread short waves are incident.
Observations
[9] As part of the SandyDuck experiment, five alongshore arrays, 200m long, composed of six colocated pressure and electromagnetic current meters were deployed between about 50 and 300 m from the shoreline (Figure 1a ) [Elgar et al., 2001] . The alongshore variation of the beach profile over the instrumented region is weak [Feddersen and Guza, 2003] , and the alongshore-averaged profile has weakly pronounced sand bars (Figure 1b) . Offshore directional wave spectra were obtained in 8 m water depth using the method outlined by Long and Atmadja [1994] .
[10] To eliminate cases with significant shear instability energy, cases are chosen with the mean alongshore currents V < 25 cm/s at each alongshore array. To eliminate cases with weak VLF energy, only cases with root-mean-square wave height H RMS,8m > 0.50 m (in 8-m depth, referred to as the 8 m array) are retained. In the retained 75 3 h runs, H RMS,8m varied between 0.50-1.4 m, the mean wave period between 5-11 s, and the mean wave direction was between −9°to 13°. Retained runs were usually scattered throughout the experiment, with the exception of 18 retained runs during 13-15 November 1997.
Field Observations of VLFs

Spectral Analysis
[11] Estimates of f-k y spectra were obtained for pressure (p) and the cross-shore (u) and alongshore (v) velocity components, using the maximum likelihood estimator (MLE) [Regier, 1975] . Spectral estimates with 10 degrees of freedom were generated from demeaned, quadratically detrended, 3 h records. The low degrees of freedom (and consequently large statistical scatter) is a consequence of the high resolution in frequency (0.0005 Hz) required to resolve VLF motions, and constraints on the record length (increasing the record length increases tidal and other nonstationarity).
[12] Results for the 3 h record with the most energetic VLF motions (0400 LT 14 November; Figure 2 ) are representative of other records, as similar f-k y spectra were observed, but with less energy (not shown). For 0400 LT 14 November, all arrays shoreward of x = 400 m are considered to be within the surf zone, corresponding to a local H RMS /h > 0.3 (Figure 3a) . Dissipation owing to depth-limited wave breaking is most intense between 160 and 210 m in the cross shore and near the waterline. The maximum VLF vortical energy in the cross shore is located in these regions with the largest dissipation and concomitant radiation stress gradients.
[13] Peaks are observed within the vortical region of the VLF band in the u and v f-k y spectra (Figure 2 ). VLFs travel both up and down coast. For an alongshore wave number of 0.01 m −1 and a frequency of 0.002 Hz (Figure 2 (top), A1), the corresponding propagation velocity is 0.2 m/s. With an average life time of 10 min this means that VLFs can propagate O(100) m alongshore, consistent with the results of Long and Özkan-Haller [2009] . VLF energy density decreases at higher frequencies within the vortical region. VLF energy is largest at the inner two arrays (A1 and A2), where maximum dissipation occurs, and decreases offshore (Figures 2, 3b , and 3c). The corresponding sea surface elevation energy density is concentrated within the gravity region with negligible VLF energy in the vorticity region (Figure 2) . The spectral distributions shown in Figure 2 are typical for other 3 h events.
Bulk Statistics
[14] A total VLF flow magnitude q RMS,vlf is estimated by integrating the sum of the cross-shore (G uu (f, k y )) and alongshore (G vv (f, k y )) velocity spectra within the vorticity region of f-k y space 
where k yg = f/ ffiffiffiffiffi gh p . In general, q RMS,vlf increases with increasing H RMS,8m and with increasing proximity to the shoreline (Figure 4a ). The q RMS,vlf is larger in the surf zone and decreases seaward. At array A1, always within the surf zone, q RMS,vlf increases approximately linearly with H RMS,8m .
[15] Defining the outer limit of the surf zone as the most seaward point where H RMS,8m < 0.3 h, the most energetic VLFs (solid symbols) occur when the alongshore array is within the surf zone. The q RMS,vlf of the inner alongshore array (x = 160 m, circles) increases with wave height, with a slope of approximately one in the surf zone and much less outside of the surf zone. q RMS,vlf of the second alongshore array (x = 210 m, squares) also increases strongly with increasing wave height, provided it is located within the surf zone, and its maximum magnitude is approximately half of the inner array's magnitude. q RMS,vlf of the remaining offshore alongshore arrays increase with increasing H RMS,8m , but are much smaller in magnitude compared with inner array's q RMS,vlf . The maximum q RMS,vlf is approximately 20 cm/s for the shore-normal incident wave conditions considered here. q RMS,vlf is approximately the same magnitude as q RMS,ig (Figure 4b ), which also increases with increasing wave energy [e.g., Holman, 1981; Guza and Thornton, 1985; Lippmann et al., 1999] .
[16] In summary, VLFs are found during normally incident waves, maximum within the surf zone (limited in the offshore extent), related to the incoming wave height based on the field 
VLF Model Description
[17] A shallow water spectral hydrodynamic model by Reniers et al. [2002] is used to evaluate the VLF forcing. The model approximates the bathymetry as alongshore homogeneous and lateral hydrodynamic boundary conditions as alongshore periodic. Model inputs are an offshore directional wave spectrum (Appendix A) and a beach profile. Reniers et al. [2002] verified that the model produces good results of sea surface elevation within the IG band, h ig . The model is used here to investigate h, u, and v within the VLF band.
[18] The linearized, depth and short-wave-averaged shallow water equations [Phillips, 1977] are used by Reniers et al. [2002] to describe the hydrodynamic response for slowly varying short-wave modulation. The continuity equation is given by
with a right-handed coordinate system, where x is positive onshore, and h is the total water depth including wave setup. The cross-shore and alongshore momentum balances are
where the forcing terms (F x , F y ) are
where S xx , S xy and S yy are components of the shortwave radiation stress tensor. The linearized bottom stresses (t x , t y ) are Özkan-Haller and Li, 2003] x ¼ u h ; ð7Þ
with m
where c f is the friction coefficient, and the short-wave orbital velocity (u sw ) obtained with linear wave theory is
where H RMS is the local short-wave height.
[19] Wave forcing (equations (5) and (6)) is determined by the short-wave frequency directional spectrum. The equations for the response are linear, so the contribution of each short-wave pair can be computed independently. Short-wave component pairs are composed of different frequencies, f i , and wave numbers, k y,i , corresponding to the modulated component direction, a i , which results in a slow modulation in the radiation stresses [Schäffer, 1993; Reniers et al., 2002] that are periodic in time and the alongshore direction, defined as
where the hat indicates the complex amplitude term, * indicates complex conjugate, andŜ xy , andŜ yy are defined similarly.Ŝ ij are defined in terms of incident waves in Appendix B, where i and j represent x and y.
[20] Radiation stresses are computed from the cross-shore variation of short-wave,Ê w , and roller,Ê r , energy modulation (Appendix B). The short-wave energy modulation balance is defined as
whereD w is the energy dissipation of the short-wave energy modulation, c g is the group velocity at the peak frequency of the short-wave spectrum, and is modulated direction, defined as
obtained with Snells' law. The cross-shore roller energy modulation is obtained by a roller energy balance [Nairn et al., 1990; Stive and de Vriend, 1994] 2 dÊ r x; f 1 ; f 2 ; k y;1 ; k y;2
where c is the wave celerity at the peak wave frequency, and D r is the dissipation of the roller energy modulation and D w acts as a source term. Dissipation formulations for modulated wave and roller energy are described by Reniers et al. [2002] and Reniers and Battjes [1997] . The offshore boundary condition for the modulated energy balance is obtained from individual spectral densities, G hh (f i , a i ), within the offshore frequency directional incident wave spectrum
where the subscript o denotes offshore boundary at the 8 m array. Solving for the modulated short-wave energy, equation (12), the corresponding cross-shore distribution of modulated short-wave amplitude is given bŷ
[21] Consistent with the radiation stress formulation, equation (11), solutions for the VLF motions are assumed to be periodic in t and y x; y; t;
where the complex amplitude varies in x only. With similar expressions forû andv, substitution into the continuity and momentum equations, equations (2)- (4), yieldŝ
where the functional dependencies (x, y, t, f 1 , f 2 , k y,1 , k y,2 ) have been dropped for clarity. Substituting equations (19) and (20) into (18), yields
where the radial frequency Dw = 2pDf. In addition to the bottom friction, fifth term on the LHS, a small detuning term (sixth term LHS) has been added to account for edge wave scattering/resonance mismatch induced by the alongshore variability of the topography Guza, 1998, 1999] . This term affects the edge waves with large alongshore length scales only, k y < 0.002 m −1 , and has little to no effect on either the VLF response or other edge waves. Terms involving x derivatives of m were less than 10 −3 compared with other terms in simulations on the measured bathymetry with rep-resentative typical wave conditions, and are neglected. The boundary conditions for equation (21) are given by a zero flux at the shoreline and a free oblique outgoing (or trapped) motion combined with an incident forced motion offshore. IG motions at the shoreline boundary condition are assumed to reflect, but to avoid singularities, a vertical wall is located in 0.1 water depth (see Reniers et al.'s [2002] Appendix B for boundary condition details). VLF results seaward of the shoreline boundary condition are insensitive to a vertical wall located in 0.1 and 0.3 m water depth (not shown).
[22] There are three free model parameters, of which two are associated with the wave breaking model (g, b) and the third is the bottom friction coefficient c f . The wave breaking model parameters are set to g = 0.45 (depth-limited breaking criteria) and b = 0.05 (roller dissipation coefficient) based on previous model calibrations at the present field site [Reniers et al., 2002] . c f is set at a constant value of 0.007, which is consistent for linearized bottom friction estimates used in IG motions [Reniers et al., 2002] , shear instability [Özkan-Haller and Li, 2003] , mean alongshore current model calibrations [Whitford and Thornton, 1996] , and by alongshore momentum balances of field data [Church and Thornton, 1993] .
[23] Model computations use all possible pairs made up of the individual short-wave components with energy content larger than 10% of the maximum for an incoming random, directionally spread, incident short-wave field to estimate the total forced IG/VLF response. All individual Df and Dk y contributions are summed into equidistant f and k y spectral bins with a resolution of 0.0005 Hz and 0.001 m −1 respectively that are compared to the observed f-k y spectra. Comparisons of field observation to model results are described below.
Model-Field Data Comparisons
[24] Model results are compared with field observations at SandyDuck. The model is forced by the directional spectra measured in 8 meter water depth using the method outlined by Long and Atmadja [1994] . Owing to the high degrees of freedom, DOF, the frequency resolution is too coarse to force VLF motions (i.e Df > VLF band) for this model. Therefore, the directional spectra are interpolated to a higher frequency resolution, 0.0005 Hz (see Appendix A).
[25] The modeled f-k y spectra for 14 November at 0400 LT are qualitatively similar to measured f-k y spectra (compare Figures 2 and 5) . Both model and measured results show an increase in VLF energy density with closer proximity to the shoreline. Consistent with the measurements, the computed VLF energy density is negligible in the surface elevation signal and dominant in the cross-shore motion. The finite alongshore length of the SandyDuck arrays, the low DOF for the spectral estimates, and the extrapolative estimates of the MLE are believed to contribute to the differences in f-k y Figure 5 . Modeled f-k y spectra of (left) cross-shore velocity u, (middle) alongshore velocity v, and (right) pressure p for 0400 LT 14 November 1997. Same format as the observations in Figure 2 . spectra between model and measurements. Particularly, since the model alongshore array is alongshore infinite, as it computes energy for all motions in k y , whereas the field detectable k y motions are limited by the alongshore extent of the array.
[26] The corresponding cross-shore distribution of u RMS,vlf and v RMS,vlf are similar for model and measurements (Figures 3b and 3c ). u RMS,vlf and u RMS,vlf increase to a maximum within the surf zone, shoreward of the innermost measurement array (x = 160 m), and then decrease close to the shoreline. There are no measurements available to evaluate this decay.
[27] To assess the forcing of the VLF motions, the shortwave amplitude modulation within the VLF frequency band (including small infragravity contributions) for field measurements is defined as
where h 2 is the high-pass, HP, filtered (f > 0.04 Hz), squared, and band-pass, BP, filtered (0.0005 Hz < f < 0.004 Hz) sea surface elevation and hi denotes time averaging. ∂A RMS,vlf /∂x is proportional to F x , but owing to the difficulties in measuring spatial gradients in the field, A RMS,vlf is the best field measurement estimate of forcing to compare with the model showing a favorable match (Figure 3d) where the model equivalent is obtained from the square root of the sum of the squared individual modulated short-wave amplitudes, given by equation (16).
[28] The model and measurements for all 3 h events ( Figure 6 ) indicate that the strongest VLF motions (q vlf,RMS = 0.10-0.20 m/s) occur within the surf zone, while q vlf,RMS outside the surf zone are typically less than 0.10m/s. The model overpredicts q vlf,RMS within the surf zone by approximately 43% and underpredicts q vlf,RMS outside of the surf zone by 50%. Note that only the two inner arrays are within the surf zone for the retained runs.
[29] A measure of the relative fraction of vortical motions over the VLF frequency band is
where q RMS,vlf,vortical is integrated over the vortical region of f-k y space, equation (1), and q RMS,vlf,total = q RMS,vlf,vortical + q RMS,vlf,gravity including both gravity and vortical contributions. Averaged over all runs, Q f −k y is largest (above 0.8) within the surf zone (the inner two arrays) and decreases to about 0.6 at the deepest array (Figure 7 ).
[30] The similarities between measurements and model results presented above are consistent with previous efforts [e.g., Fowler and Dalrymple, 1990] that VLFs are forced by modulations in the short-wave energy within the surf zone.
6. VLF Characteristics 6.1. Uniform Delta Forcing
[31] Tang and Dalrymple [1989] found that measured offshore short-wave amplitude modulation, A, in f-k y spectra displayed broad peaks, which were not strictly located within the VLF band and did not directly correlate with the hydrodynamic response within the surf zone. Haller et al. [1999] found that in analyzing SUPERDUCK86 field data coherent wave group forcing was occasionally present but more often absent thus inhibiting a correlation with the observed VLF response. Reniers et al. [2004] , through numerical modeling, found that directional spreading in short waves results in a broad distribution of amplitude modulation in f-k y space. However, the computed hydrodynamic response was narrow for both IG and VLF motions, which they attributed to the nonlinear coupling that decreases with increasing Dk y and Df. Although the nonlinear coupling of short waves with IG waves has been verified [Herbers et al., 1995] , it can not be assumed to give the same response for VLF vortical motions. [32] To understand the hydrodynamic response in f and k y space to uniform forcing, two short waves of equal amplitudes composed of two frequencies and two directions that are equal and opposite are used as input to the model to satisfy the restriction that P S xy (f, ) ' 0, so that V ∼ 0, as observed with field measurements by Guza et al. [1986] , such that no alongshore current instabilities develop. The uniform delta forcing is realized by keeping the short-wave energy modulation equal for all Df, Dk y combinations. The wave group energy for all relevant pairs (D) are defined at the 8 m array, where f 2 is fixed at 0.1 Hz and f 1 < f 2 with Df ranging 0.0005-0.02 Hz. Dk y has a theoretical maximum owing to wave refraction for nonlocally generated short waves. Assuming straight and parallel contours, the Dk y that can plausibly occur in the surf zone within the vorticity region is limited to
where k wry is the alongshore wave number associated with the theoretical wave refraction (wr) limit. The theoretical limit for the f incident wave angle approaching the shoreline is ±89.9°i n deep water (±33°for the selected frequencies at the 8 m array), defined as
For f vlf ( f inc ,
where f inc is the incident wave frequency and f vlf = Df is the VLF frequency. Since k y remains constant in the cross shore for an alongshore homogeneous coast, estimates of k y in deep water are valid for all depths. k wry decreases with increasing (Df ) and for decreasing incident frequencies (f inc ). Waves arriving in the nearshore that were generated in deep water with deep water wave angles of greater than ±89.9°are theoretically not possible. Waves measured locally with nearshore angles that would correspond to equivalent deep water angles of greater than 90°are plausible, but less likely. These waves are generated, not in deep water, but in intermediate water depths on the continental shelf. The analysis only focuses on waves generated in deep water, and ignores regionally generated intermediate waves that can occur at more oblique wave angles.
[33] The model is run with uniform modulated short-wave energy in Df − Dk y space to gain an understanding of the hydrodynamic response. This avoids the added complexity related to a realistic directional wave spectrum where there are multiple short-wave component pairs that contribute to the same Df − Dk y combination (discussed later).
[34] The composite of the uniform delta forcing model runs is shown in Figure 8 . Velocity energy density peaks occur within the vorticity region for the VLF band and gravity region for the IG band (Figures 8a and 8b ). Energetic peaks occur along the edge-wave dispersion curves, which are a function of frequency directional resolution. Sea surface elevations are mostly contained within the gravity region (Figure 8c ).
[35] For the IG motions, the decay of IG energy for increasing k y > k yg can be attributed to nonlinear coupling [Herbers et al., 1995] . However within the VLF band, for increasing k y > k yg , the velocity response behaves differently than for the IG motions. Both u vlf and v vlf energy density increases with increasing k y .
[36] Next the momentum balance terms driving the IG and VLF motions are examined (plotting the real part of the complex amplitudes only). The wave forcing for each Df − Dk y combination is initialized at the offshore boundary with a zero phase shift (see Appendix B). F x is relatively insensitive with respect to k y at fixed f, and increases with increasing f while changing phase (Figure 8d ) (the phase change as a function of f depends on the cross-shore evolution of the Dk y described in Appendix B). Even though F x increases at higher frequencies in the vorticity region, the hydrodynamic velocity response spectra decrease owing to the 1/f 2 dependence (equation (19) and (20) (Figures 8h, 8i, and 8k) . t x and t y have minimal contributions at this location in the cross shore (Figures 8f  and 8j ).
[37] The k wry intersects the k yg for f > 0.03 Hz (Figure 8 ), limiting vortical motions that are forced by modulations of short waves to lower frequencies with periods longer than 30 seconds. Therefore, the directional components required to generate vortical motions have a relatively small aperture. This constrains the possibilities, such that the alongshore spatial scales range O(50-1000 m) and the temporal scales range from O(200-2000 s).
[38] For a realistic spectrum, all of the relevant short-wave component pairs will generate VLF flow patterns with different spatial scales. The momentum balance associated with the net VLF flow pattern does not illustrate the dynamics of flow patterns owing to constructive and destructive interference (not shown).
Momentum Balance
[39] The VLF circulation is evaluated for two short-wave components,with frequencies 0.101 Hz and 0.099 Hz respectively and corresponding incidence angles of −12.5°and 12.5°, resulting in a VLF frequency of 0.002 Hz and alongshore wave number of 0.0051 m −1 (Figure 9 ). The resulting VLF flow pattern (Figure 9a sponding wave forcing (Figure 9b) shows onshore (offshore) forcing over the area of (positive) negative vorticity, resulting in relatively high (low) setup within the surf zone (Figure 9c ). This leads to alongshore and cross-shore pressure gradients, where the latter counteract most of the wave forcing seaward of the surf zone. Note that wave set up and set down are on the order of millimeters, but the cross-and alongshore gradients are significant. Adding the bottom shear stress (Figure 9d ) results in the total forcing (Figure 9e) showing an alongshore displacement with the concurrent velocity and vorticity field. This spatial displacement accelerates (decelerates) the flow (Figure 9f ) resulting in the alongshore propagation of the velocity/vorticity field. The acceleration (deceleration) results are consistent with the total forcing results such that the total momentum balance sums to zero (not shown).
SandyDuck 0400 LT 14 November 1997
[40] A measured spectrum for 0400 LT 14 November 2007 is used to construct the forcing to understand the VLF response for realistic waves. The measured directional wave spectrum with H RMS,8m = 1.32 m, T p = 8.9 s, p = −5.8°, and directional spreading equal to 12°is used to describe the waves at the 8 m offshore boundary. The bathymetry is assumed alongshore homogeneous described by the averaged SandyDuck beach profile for 30 October 2007 (Figure 1b) .
[41] The model f-k y spectral estimates have infragravity motions located on edge-wave dispersion curves for u, v, and h (not shown) within the gravity region. There are energetic regions for the cross-and alongshore velocity components within the vorticity region traveling up and down coast (Figures 10a and 10b ). There is more energy traveling in −k y than +k y , which is associated with the slightly bimodal directional wave spectrum (Figure 10f) . Most of the vortical energy is present at the lowest frequency bands for 0.0005 < f < 0.008 Hz for u, which occurs at slightly higher frequencies than v (Figures 10a and 10b) . G uu vlf decreases for increasing |k y |, which is contrary to the decreasing response obtained with the uniform forcing (compare Figure 8d with Figure 10a) . The relatively increased G uu vlf at small k y is related to the modulated short-wave amplitude variance being largest at small k y values (Figure 10e ), and decreasing with increasing k y and f. This concentration of modulated short-wave amplitude variance at small k y and f arises from the fact that a directionally spread wave spectrum is biased to wave component pairs with small difference k y and f. Thus, F
x is largest at small k y with broad energy (Figure 10c ). The dropoff of the short-wave amplitude variance with increasing f (Figure 10e ) is weaker than the f dependence of F x (Figure 8d ), resulting in increasing F x within the vortical region at higher frequencies (Figure 10c) . Still, the velocity response is minimal above 0.004 Hz (Figure 10a ), given the much stronger f −2 dependence of the VLF velocity response (Figure 8a ). G vv vlf has energetic regions that peak at k y = ±0.002 m −1 (Figure 10b ), which correspond to the F y distribution (Figure 10d ). The energetic f-k y regions associated with v and F y occur as a combination of the concentration of modulated short-wave amplitude variance (Figure 10e ) and the k y dependence of F y , i.e., increasing for increasing k y (Figure 8h) . Hence, even though the modulated short-wave variance is large at small k y (Figure 10e ), the F y is minimal ( Figure 8h ). As k y increases, the modulated short-wave variance decreases but not as rapidly as F y increases with k y for uniform forcing (Figure 8h) , causing a local k y maximum in G vv vlf (Figure 10d ). At larger k y , the modulated short-wave variance is reduced (Figure 10e) , and even though F y increases with increasing k y (Figure 8h ), this results in decreased values in v and F y (Figure 10b ). Note that there is no energy for f = 0 Hz, because mean motions are not forced with this model.
[42] In summary, the computed VLF velocity response is a result of the concentration of modulated short-wave amplitude variance and corresponding forcing, which both vary as a function of k y and f. For the realistic SandyDuck case (0400 LT 14 November 1997), the VLF response is limited to very low frequencies and to |k y | < 0.015 m −1 . The modulated short-wave energy occurs in both the vorticity and gravity regions, which decreases with increasing k y and f, similar to the observations by Tang and Dalrymple [1989] and Haller et al. [1999] and numerical results by Reniers et al. [2004] . Energetic spectral modulated shortwave variance (Figure 10e ) are found in the vortical region at frequencies above 0.004 Hz, but they do not force a significant vortical response (Figures 10a and 10b ) owing to the f −2 dependence. Sea surface spectral energy is mostly contained within the gravity region.
[43] The 14 November 2007 at 0400 LT spectrum was evaluated for c f = 0.1, 0.01, and 0.001. There is less than a 25% difference for u RMS,vlf and a 15% difference for v RMS,vlf between c f = 0.1 and 0.001 in the surf zone. u RMS,vlf > v RMS,vlf within the surf zone.
VLF Frequency Limits
[44] Averaged, normalized by variance, frequency spectral estimates for cross-and alongshore velocities and sea surface elevation were computed for both model and measurements (Figure 11 ) at the five alongshore arrays [x = 160, 210, 260, 310, 385 m] when V < 25 cm/s and H RMS,8m > 0.5 m to assist in defining the VLF frequency limits. The VLF lower frequency limit is set at 0.0005 Hz owing to the minimum resolvable frequency resolution for the minimal degrees of freedom (10) for 3 h of field measurements and to exclude tidal effects on surf zone currents [Thornton and Kim, 1993] . There is a drop in spectral energy density around 0.004Hz (vertical dashed line Figure 11) . At higher frequencies, located in the IG band, nodal structure is present representative of cross-shore standing low-mode leaky and edge waves. At lower frequencies (f < 0.004 Hz), the velocity components increase in intensity, while h, as measured by hydrostatic pressure, p, increases slightly or remains relatively constant. This is consistent with both model and measurements. The model velocity energy continues to increase with decreasing frequencies, whereas the field observations level off. The difference between model and measurements increase with decreasing f. The largest difference occurs at A2. These differences may arise in that the model spectral energy assumes an infinite time series and the field observations are limited to 3 h. Other difference may be related to nonlinearities [Johnson and Pattiaratchi, 2006] discussed below.
[45] For the inner array (x = 160 m), G uu ( f ) decreases as 1/f 2 until f = 0.004 Hz, whereas G vv ( f ) decreases until f = 0.0035 Hz. Owing to the small frequency differences in the upper limit and the fact that u vlf is more energetic than v vlf , the upper VLF frequency limit is set at 0.004Hz. Estimates of q RMS,vlf used these frequency limits, which further support the notions that this band is predominantly composed of vortical motions (Figure 3 ) and is an appropriate frequency limit for VLFs during SandyDuck.
Nonlinear Terms: Delft3D Comparison
[46] The present modeling approach ignores the effects of nonlinearity on the generation and evolution of the VLF motions. Nonlinear model results [Johnson and Pattiaratchi, 2006; Reniers et al., 2004 Reniers et al., , 2007 Long and Özkan-Haller, 2009] suggest that VLF vortices can interact and travel offshore, thus transferring VLF energy to the outer surf zone or beyond. This offshore flux of VLF energy is likely to be associated with a combination of the nonlinear eddy-eddy interactions, the life time of the eddies, which is subject to bottom friction, viscous damping, and adverse wave forcing Terrile and Brocchini, 2007; Long and Özkan-Haller, 2009] , and the underlying topography such as rip channels [Brocchini et al., 2004; Kennedy et al., 2006; Reniers et al., 2007] , barred beaches [Buhler and Jacobson, 2001; Reniers et al., 2004] or planar beaches [Johnson and Pattiaratchi, 2006] . To qualify the importance of nonlinear effects on the generation and spatial distribution of the VLF's at SandyDuck, calculations were performed using nonlinear Delft3D model described by Reniers et al. [2004] . The wave group modulation was similar for linear and nonlinear models. To avoid excessive forcing of modulated short-wave motions close to the waterline, a linear taper was applied reducing the modulation starting at two meter water depth. Calculations were performed for 14 November at 0400 LT, corresponding to the most energetic case with an offshore wave height of 1.4 m. Using a constant tidal elevation (in accordance with the linear model approach), the VLF response Figure 11 . Observed (solid curves) and modeled (dashed curves) normalized frequency spectral estimates for the cross-(blue) and alongshore (green) velocities and pressure (red) in the cross shore at the four alongshore arrays (A1-A4) at SandyDuck for all cases with V < 25 cm/s and H RMS,8m > 0.5 m. Vertical dashed line represents the suggested frequency division between VLF and IG motions. was calculated and analyzed over a period of approximately 3 h. The VLF energy density frequency spectra at the 5 alongshore arrays are intercompared (Figure 12 ). Both nonlinear and linear model results show similar trends with offshore decaying VLF intensities consistent with the observations. There is no evidence of underestimating the offshore flux of VLF intensity by the linear model for this case, nor are the differences between the model calculated spectra and the observations larger for the linear model.
[47] The corresponding k y spectra ( Figure 13) show that the linear model consistently overestimates the energy density at the smallest VLF wave numbers, which is subsequently compensated by the underestimation at larger alongshore wave numbers. This behavior is absent in the nonlinear results, which show a much broader distribution of the VLF energy density not unlike the observations. The latter may be due to the nonlinear eddy-eddy interactions leading to a transfer of energy to smaller length scales, the self-propagation of eddies to deeper water or interaction with the incident modulated short waves.
[48] The Delft3D (nonlinear) model [Reniers et al., , 2007 [49] In conclusion, the intercomparison between linear and nonlinear VLF energy density spectra show good correspondence with the trends in the observed spectra, however differences at individual frequencies and alongshore wave numbers can be significant. The effect of nonlinearity for the present case seems to manifest itself mostly in the alongshore wave number spectra and not in the frequency spectra nor in the offshore transfer of VLF intensity. The latter may be related to the fact that for the present case waves are breaking at all the alongshore arrays and consequently direct wave group forcing is dominant, which is well captured with the linear modeling effort (Figure 3) . During more moderate conditions where waves are breaking at the inner arrays only, offshore advection is expected to become relatively more important (Figure 6 (right) ). Although nonlinearity plays a roll in the evolution of the VLF motions, the nonlinear model calculations support the linear model results and the latter gave skillfull predictions for the VLF frequency spectra and corresponding VLF intensities during SandyDuck.
Discussion
[50] It has been shown, both in the measurements and model results, that the VLF response is dominated by vortical motions. Consequently the corresponding surface elevation Figure 12 . Spectral frequency comparison for14 November 1997 at 0400 LT for the 5 alongshore array (A1-A5) for the field observations (red), the linear model described herein (green), and Delft3D model (blue).
amplitude is small compared with surface elevation amplitude associated with (infra)gravity waves. However, this does not imply that the surface elevation is not important for the VLF response. In fact, the force balance (Figure 9) shows that the pressure forcing is comparable with the radiation stress. In a more general sense, a small setup difference within the surf zone can induce significant pressure-driven nearshore currents [e.g., Putrevu et al., 1995; Reniers, 1999; Haas et al., 2003 ], provided there is time for the flow to build up [Van Dongeren, 1997] . If this time is short, the resulting flow does not develop, similar to a boundary layer motion. However, if the time-scale is large, the flow motion can attain significant velocity amplitudes. This conceptual picture is consistent with the observations that for similar forcing, only the lowest frequencies show significant energy density for comparable forcing.
[51] In the present modeling approach we considered forced VLFs only, ignoring self-advection, nonlinear VLF interactions and episodic forcing at the incident wave time scale. These processes could mask the broad VLF response in k y space due to direct forcing, and potentially explain the peaks in the observed spectra that are absent in the model results (compare Figures 2 and 5) . However, a recent study by Long and Özkan-Haller [2009] showed that the VLF velocity field in absence of shear instabilities consists predominantly of forced VLFs (consistent with the present modeling approach). In addition, the nonlinear time domain calculations presented here, which allow for self-advection and nonlinear interactions, show mostly a broadening of the k y spectrum by moving energy from large scale VLF motions to smaller scale VLF features resulting in a broad(er) spectrum without discrete peaks ( Figure 13 ). Hence, an alternative explanation for the peaks in the observed VLF spectra is associated with the relative sparseness (in time and space) of observation points at the alongshore arrays. This also forms the rationale behind the use of the MLE [Regier, 1975] instead of the more commonly applied Iterative maximum likelihood estimator (IMLE) [Pakwa, 1983; Oltman-Shay and Guza, 1987] , where the application of the latter can easily result in the enhancement of spurious spectral peaks. Note that the broad VLF response is different from the response obtained for shear instabilities which reside on a narrow f-k y ridge associated with their propagation by the alongshore current [e.g., Oltman-Shay et al., 1989] for which the IMLE is well suited.
Summary and Conclusions
[52] Energetic vortical surf zone motions that predominantly reside within the very low frequency band (0.0005 < f < 0.004 Hz; k y < 0.02 m −1 ) in f-k y space were observed in the field on a weakly pronounced double-barred beach at Duck, NC, when the alongshore currents were minimal. A linear spectral hydrodynamic model that is nonlinearly forced by directionally spread short waves inducing spatial and temporal gradients in radiation stresses and pressure is used to examine the hydrodynamic response inside and outside of the surf zone. The linear model facilitates a method of evaluating Figure 13 . VLF k y spectral (integrated over 0.0005-0.004 Hz) comparison for 14 November 1997 at 0400 LT for the 5 alongshore arrays (A1-A5) for the field observations (red), the linear model described herein (green), and Delft3D model (blue). the mechanisms responsible for the VLF generation. It is harder to decouple these mechanisms with a nonlinear model, as both instabilities and direct forcing exist. Though nonlinearities are important, the linear model compares well with the field observations of VLFs. The linear model is used to define the VLF vortical characteristics. VLFs have the spatial scales of O(1 surf zone width) in the cross shore, O(50-1000 m) in the alongshore, and the temporal scale of O(200-2000 s), which slowly propagate (O(10 cm/s)) in the alongshore. The seaward-directed flow is O(20 cm/s), which decreases quickly seaward of the surf zone. Although both observed and modeled VLF pressure fluctuations are relatively weak, the model momentum balance suggests that VLF pressure gradients are as important as the modulated shortwave forcing by sea and swell in the VLF velocity response. Model calculations further underpin the conclusion that the VLF-f-k y response is a function of wave group forcing associated with the frequency directional distribution of the incident sea and swell spectra. The strongest response is found at the lowest VLF frequencies. This is due to the fact that the modulated short-wave forcing and pressure gradients have more time to accelerate the VLF flow field in combination with the highest modulated short-wave amplitude variance in the forcing.
[53] The ubiquitousness of edge waves on various beaches was not documented until coherent alongshore arrays were deployed in the field at various locations [Huntley et al., 1981; Oltman-Shay and Guza, 1987] . Here we show that the directional spreading at the short waves is responsible for the observed VLFs at SandyDuck. Since directionally spread short waves are ubiquitous, then VLFs are ubiquitous.
Appendix A: High-Resolution Directional Wave Spectra
[54] The offshore boundary condition for the energy balance is obtained from individual spectral density components, G hh ( f i , a i ), from offshore frequency directional spectra, where the energy is defined aŝ
Therefore, if the resolution of the frequency directional wave spectra is too coarse, motions in the VLF will not be resolved (4f > 0.004 Hz). In general, most frequency directional wave spectra, in particular the FRF array located in 8 m water depth, are estimated with 160 DOFs resulting in a df of 0.0097 Hz, which is too coarse to evaluate VLF motions. Hence, the frequency directional spectrum is interpolated to 0.0005 Hz, which is the minimum resolvable resolution for p,u, and v measurements with a minimum 10 DOFs based on a 3 h record. Higher resolution directional spectra were computed at the 8 m array, resulting in 16 DOFs and a df = 0.00097 Hz. The model results from the interpolated directional spectra and the high-resolution spectra compared well, with the interpolated directional spectra providing smoother results and u RMS,vlf differed by less than 5%. The interpolated directional spectra are used in this manuscript.
Appendix B: Forcing Estimates
[55] Owing to the difficulty in computing accurate estimates of spatial derivatives of the radiation stress gradients in f-k y space with the SandyDuck arrays, an alternative estimate of nonlinear forcing is required to compare the model and measurements. VLFs are forced by spatial gradients in modulated short-wave radiation stresses, defined in the cross shore [Reniers et al., 2002] aŝ
S xy ¼Ê w sin cos þÊ r 2 cos cos
where n is the shoaling coefficient, C g C , andŜ xx ,Ŝ xy , andŜ yy are functions of short-wave energy modulation,Ê w and roller energy modulationÊ r . The phase of the cross-shore modulation of the wave and roller energy depends on the evolution of the cross-shore wave number difference, 4k x , made up by the two incident wave components forming the wave group and a random phase, 0 . The short-wave energy modulation is defined as,Ê w = 1 2 rgÂ 2 , where A is the wave envelope amplitude. Note thatÊ r is a function ofÊ w . Therefore, changes in radiation stress are related to changes in wave envelope amplitude, F x = 1 h ( @S xx @x + @S xy @y ), hence, the transformation of A may be considered a proxy for F. This is consistent with modeling mean surf zone motions, such as alongshore currents [e.g., Thornton and Guza, 1986; Reniers and Battjes 1997] and rip currents [e.g., Bowen, 1969] .
